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Abstract
It is shown that certain aspects of gravitation may be described using a relativistic
action-at-a-distance formulation. The equations of motion of the model presented are
invariant under Lorentz transformations and agree with the equations of Einstein’s the-
ory of General Relativity, at the first Post-Newtonian approximation, for any number
of interacting point masses.
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Introduction
After the discovery of the action-at-a-distance formulation of electrodynamics[1] - [10],
several relativistic non-instantaneous action-at-a-distance theories have been investigated
[11] - [21]. Instantaneous action-at-a-distance formulations have been studied using a vari-
ety of approaches [22] - [31]. For gravity, several relativistic action-at-a-distance models have
been proposed [32] - [46], and compared with observations [47, 48]. A major difficulty with
most of the models proposed is their disagreement with Einstein’s theory of General Relativ-
ity (GR) in the so-called ”slow motion approximation” (first Post-Newtonian approximation
(1PN)), even for the simpler case of two point masses (N = 2) .
The objective of this paper is to present a relativistic action-at-a-distance description of
gravitational interactions for a system consisting of an arbitrary number N of point masses.
The model presented in this paper is in agreement with GR at 1PN for an arbitrary
number N of interacting point masses.
Our description also agrees with GR in the so-called ”fast motion approximation” for N
point masses (at the first Post-Minkowskian order (1PM)) and it is in agreement with GR
for the one body case (N = 1) at all orders (assuming the central mass is not spinning) if
the Schwarzschild metric is expressed in the isotropic gauge.
An action functional for gravity in the relativistic action-at-a-distance formulation
In order to describe a relativistic system of N point masses interacting gravitationally,
we consider the following action functional:
S = −∑
i
mic
∫
dλiζi +
∑
i
∑
j 6=i
Gmimj
c
∫ ∫
dλidλjδ (ρij)Fij
+
∑
i
∑
j 6=i
∑
k 6=i,j
G2mimjmk
c3
∫ ∫ ∫
dλidλjdλkδ (ρij) δ (ρjk)Fijk + ... (1)
1
In (1), mi (i = 1, 2, ..., N) is the mass of particle i, λi is a Poincare´ invariant parameter
labelling the events along the world line zµi (λi) of particle i, c is the speed of light and G the
universal gravitational constant.
The functions Fij = Fij (ξij, γij, γji, ζi, ζj), Fijk = Fijk (ξij, ξik, ξjk, γij, γji, γik, γki, γjk, γkj, ζi, ζj, ζk),
are invariant under Poincare´ transformations since they themselves are assumed to be func-
tions of the Poincare´ invariants ξij, γij, and ζi. The Poincare´ invariants ρij, ξij, γij , and ζi,
are defined as follows [49]:
ρij = (zi − zj)2 (2)
ξij = (z˙iz˙j) (3)
γij = (z˙i(zj − zi)) (4)
ζi = z˙
2
i (5)
We denote z˙µi =
dz
µ
i
dλi
. The metric tensor: ηµν = diag(+1,−1,−1,−1).
The action functional (1) is invariant under Lorentz transformations and does not involve
any fields to mediate the interactions between the masses. The particles interact with each
other directly and we assume that the interactions propagate at the speed of light c in
vacuum. The Dirac delta functions in (1) account for the interactions propagating at the
speed of light forward and backward in time.
The action (1) can be written in a compact form as follows:
S = −∑
i
mic
∫
dλiζi
+
N∑
k=2
∑
i1
∑
i2 6=i1
...
∑
ik 6=i1,...,ik−1
Gk−1mi1 ...mik
c2k−3
∫
...
∫
dλi1 ...dλik
k−1∏
l=1
δ
(
ρilil+1
)
Fi1...ik (6)
Notice that not only the two-body interactions (k = 2), but all possible k-body interac-
tions (k = 2, ..., N) contribute to the action.
Without loss of generality we can assume that Fji = Fij , Fkji = Fijk and so on (Fiki2...ik−1i1 =
Fi1i2...ik−1ik).
From (1), we can see that we can write the action of an individual particle i as follows:
Si = −mic
∫
dλi

ζi − 2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)Fij
−G
2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk (δ(ρij)δ(ρjk)Fijk + δ(ρjk)δ(ρki)Fjki + δ(ρki)δ(ρij)Fkij) + ...


(7)
The equations of motion of the relativistic particles can be derived from the action (1)
(or from (7)) using the variational principle. We find:
2
z¨
µ
i +
G
c2
∑
j 6=i
mj
∫
dλj
(
∂
∂ziµ
(δ(ρij)Fij)− d
dλi
(
δ(ρij)
∂Fij
∂z˙iµ
))
+
G2
2c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk
(
δ(ρjk)
(
∂
∂ziµ
(δ(ρij)Fijk)− d
dλi
(
δ(ρij)
∂Fijk
∂z˙iµ
))
+δ(ρjk)
(
∂
∂ziµ
(δ(ρki)Fjki)− d
dλi
(
δ(ρki)
∂Fjki
∂z˙iµ
))
+
∂
∂ziµ
(δ(ρki)δ(ρij)Fkij)− d
dλi
(
δ(ρki)δ(ρij)
∂Fkij
∂z˙iµ
))
+ ...
= 0. (8)
Integrating by parts and taking into account that:
d
dλi
(δ(ρij)) =
(
dρij
dλi
)
(
dρij
dλj
) d
dλj
(δ(ρij)) =
γij
γji
d
dλj
(δ(ρij)) , (9)
we can write the equations of motion (8) in the form:
z¨
µ
i +
G
c2
∑
j 6=i
mj
∫
dλjδ (ρij)
(
A
µ
ij +B
µν
ij z¨iν + C
µν
ij z¨jν
)
+
G2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλkδ(ρij)δ(ρjk)
(
A
µ
ijk +B
µν
ijkz¨iν + C
µν
ijkz¨jν +D
µν
ijkz¨kν
)
+
G2
2c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλkδ(ρji)δ(ρik)
(
A˜
µ
jik + B˜
µν
jikz¨iν + C˜
µν
jikz¨jν + D˜
µν
jikz¨kν
)
+ ...
= 0, (10)
where
A
µ
ij =
∂Fij
∂ziµ
− ∂
2Fij
∂z
η
i ∂z˙iµ
z˙
η
i +
ζj
γ2ji
(
(zµi − zµj )Fij + γij
∂Fij
∂z˙iµ
)
+
1
γji
(
−z˙µj Fij + (zµi − zµj )
∂Fij
∂z
η
j
z˙
η
j + ξij
∂Fij
∂z˙iµ
+ γij
∂2Fij
∂z
η
j ∂z˙iµ
z˙
η
j
)
, (11)
B
µν
ij = −
∂2Fij
∂z˙iµ∂z˙iν
, (12)
C
µν
ij =
(zµi − zµj )
γji
(
∂Fij
∂z˙jν
− (z
ν
i − zνj )
γji
Fij
)
+
γij
γji
(
∂2Fij
∂z˙iµ∂z˙jν
− (z
ν
i − zνj )
γji
∂Fij
∂z˙iµ
)
, (13)
3
A
µ
ijk =
∂Fijk
∂ziµ
− ∂
2Fijk
∂z
η
i ∂z˙iµ
z˙
η
i +
ζj
γ2ji
(
(zµi − zµj )Fijk + γij
∂Fijk
∂z˙iµ
)
+
1
γji
(
−z˙µj Fijk + (zµi − zµj )
∂Fijk
∂z
η
j
z˙
η
j + ξij
∂Fijk
∂z˙iµ
+ γij
∂2Fijk
∂z
η
j ∂z˙iµ
z˙
η
j
)
− 1
γkjγji
(
ξjk +
γjk
γkj
ζk
)(
(zµi − zµj )Fijk + γij
∂Fijk
∂z˙iµ
)
− γjk
γkjγji
(
(zµi − zµj )
∂Fijk
∂z
η
k
z˙
η
k + γij
∂2Fijk
∂z
η
k∂z˙iµ
z˙
η
k
)
, (14)
B
µν
ijk = −
∂2Fijk
∂z˙iµ∂z˙iν
, (15)
C
µν
ijk =
(zµi − zµj )
γji
(
∂Fijk
∂z˙jν
− (z
ν
i − zνj )
γji
Fijk
)
+
γij
γji
(
∂2Fijk
∂z˙iµ∂z˙jν
− (z
ν
i − zνj )
γji
∂Fijk
∂z˙iµ
)
, (16)
D
µν
ijk =
γjk(z
ν
j − zνk)
γ2kj
(
(zµi − zµj )
γji
Fijk +
γij
γji
∂Fijk
∂z˙iµ
)
− γjk
γkj
(
(zµi − zµj )
γji
∂Fijk
∂z˙kν
+
γij
γji
∂2Fijk
∂z˙iµ∂z˙kν
)
,
(17)
A˜
µ
jik =
∂Fjik
∂ziµ
− ∂
2Fjik
∂z
η
i ∂z˙iµ
z˙
η
i +
ζj
γ2ji
(
(zµi − zµj )Fjik + γij
∂Fjik
∂z˙iµ
)
+
ζk
γ2ki
(
(zµi − zµk )Fjik + γik
∂Fjik
∂z˙iµ
)
+
1
γji
(
−z˙µj Fjik + (zµi − zµj )
∂Fjik
∂z
η
j
z˙
η
j + ξij
∂Fjik
∂z˙iµ
+ γij
∂2Fjik
∂z
η
j ∂z˙iµ
z˙
η
j
)
+
1
γki
(
−z˙µkFjik + (zµi − zµk )
∂Fjik
∂z
η
k
z˙
η
k + ξik
∂Fjik
∂z˙iµ
+ γik
∂2Fjik
∂z
η
k∂z˙iµ
z˙
η
k
)
, (18)
B˜
µν
jik = −
∂2Fjik
∂z˙iµ∂z˙iν
, (19)
C˜
µν
jik =
(zµi − zµj )
γji
(
∂Fjik
∂z˙jν
− (z
ν
i − zνj )
γji
Fjik
)
+
γij
γji
(
∂2Fjik
∂z˙iµ∂z˙jν
− (z
ν
i − zνj )
γji
∂Fjik
∂z˙iµ
)
, (20)
D˜
µν
jik = −
(zνi − zνk)
γ2ki
(
(zµi − zµk )Fjik + γik
∂Fjik
∂z˙iµ
)
+
1
γki
(
(zµi − zµk )
∂Fjik
∂z˙kν
+ γik
∂2Fjik
∂z˙iµ∂z˙kν
)
. (21)
Multiplying (8) by z˙iµ (and performing the summation over µ), we find that the solutions
of the equations of motion (8) must satisfy the following N conditions (i = 1, 2, ..., N):
4
ddλi

ζi + 2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)
(
Fij − z˙µi
∂Fij
∂z˙
µ
i
)
+
G2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk
(
δ(ρij)δ(ρjk)
(
Fijk − z˙µi
∂Fijk
∂z˙
µ
i
)
+δ(ρjk)δ(ρki)
(
Fjki − z˙µi
∂Fjki
∂z˙
µ
i
)
+ δ(ρki)δ(ρij)
(
Fkij − z˙µi
∂Fkij
∂z˙
µ
i
))
+ ...
)
= 0. (22)
Let us assume that Fi1...ik (k = 2, ..., N) are homogeneous functions of degree two in z˙i1 ,
..., z˙ik , i.e., we assume that they satisfy the following conditions:
z˙
µ
i1
∂Fi1...ik
∂z˙
µ
i1
= ... = z˙µik
∂Fi1...ik
∂z˙
µ
ik
= 2Fi1...ik (23)
The conditions (22) combined with (23) guarantee that, for the solutions of the equations
of motion, the expressions:
ζi − 2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)Fij
− G
2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk (δ(ρij)δ(ρjk)Fijk + δ(ρjk)δ(ρki)Fjki + δ(ρki)δ(ρij)Fkij) + ...
= ci, (24)
are constants (which by simple scaling can be made equal to 1):
ζi − 2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)Fij
− G
2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk (δ(ρij)δ(ρjk)Fijk + δ(ρjk)δ(ρki)Fjki + δ(ρki)δ(ρij)Fkij) + ...
= 1. (25)
From (23) it immediately follows that:
Fi1...ik =
1
2
∂2Fi1...ik
∂z˙
µ
i1
∂z˙νi1
z˙
µ
i1
z˙νi1 = ... =
1
2
∂2Fi1...ik
∂z˙
µ
ik
∂z˙νik
z˙
µ
ik
z˙νik (26)
Using (26) we immediately see that the action for particle i (7) can be rewritten in a
compact form as:
Si = −mic
∫
dλig
(i)
µν z˙
µ
i z˙
ν
i (27)
where,
5
g(i)µν = ηµν −
G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)
∂2Fij
∂z˙
µ
i ∂z˙
ν
i
−G
2
2c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk
(
δ(ρij)δ(ρjk)
∂2Fijk
∂z˙
µ
i ∂z˙
ν
i
+ δ(ρjk)δ(ρki)
∂2Fjki
∂z˙
µ
i ∂z˙
ν
i
+δ(ρki)δ(ρij)
∂2Fkij
∂z˙
µ
i ∂z˙
ν
i
)
+ ... (28)
From (28, 23, 26) it follows that:
∂g
(i)
αβ
∂z˙
µ
i
z˙αi = 0, (29)
∂2g
(i)
αβ
∂z˙
µ
i ∂z˙
ν
i
z˙αi z˙
β
i = 0, (30)
∂2g
(i)
αβ
∂z˙
µ
i ∂z
ν
i
z˙αi = 0. (31)
Using (28, 29, 30, 31) the equations of motion (8) can also be written in a more compact
form:
g(i)µν z¨
ν
i +
1
2

∂g(i)µα
∂z
β
i
+
∂g
(i)
µβ
∂zαi
− ∂g
(i)
αβ
∂z
µ
i

 z˙αi z˙βi = 0 (32)
From (10, 22, 28), we find that the conditions (22) can be simply expressed as:
d
dλi
(
g(i)µν z˙
µ
i z˙
ν
i
)
= 0 (33)
From (25, 26,28) it follows that for the solutions of the equations of motion:
dλ2i = g
(i)
µνdz
µ
i dz
ν
i (34)
Notice that g(i)µν is not a field. It depends not only on zi, zj and z˙j (j 6= i), but also on z˙i!
The main task in our formulation is to determine the functions Fij , Fijk, etc, in (6), and
to verify that the predictions of the theory are in agreement with observations.
Test particles and the formulation of the action-at-a-distance model as a field theory
Let us assume that in the limit mi → 0 the tensor g(i)µν does not depend on z˙i. Only in
this limit, in which mi is a test particle, we may have a field interpretation for the metric
tensor g(i)µν .
Let us consider a system of N + 1 point particles, one of them being a test particle of
mass m and the other N particles having masses mi (i = 1, ..., N). Let z(λ) be the worldline
of the test particle. From (27) we see that we can write the action for the test particle as
follows:
S = −mc
∫
dλgµν z˙
µz˙ν . (35)
6
In (35), the metric tensor gµν depends on z (and on zi and z˙i (i = 1, ..., N)), but does
not depend on z˙. It can be given a field interpretation, if one desires to do so[54].
From (32) we see that for a test particle the equations of motion are:
gµν z¨
ν +
1
2
(
∂gµα
∂zβ
+
∂gµβ
∂zα
− ∂gαβ
∂zµ
)
z˙αz˙β = 0 (36)
Assuming that the matrix gµν is invertible, these are, of course, the well known equations
for geodesics.
It may be possible to impose conditions on the functions Fij , Fijk, etc, in (6) if, for
example, one demands that the metric tensor gµν (which is associated with a test particle)
obeys Einstein’s field equations. Of course, there is no guarantee that this can be done at
all orders in the Post-Minkowskian expansion, either due to the mathematical complexity
of the equations or to the possibility that Einstein’s theory of General Relativity may not
exactly admit a dual (action-at-a-distance) formulation, or at least not one described by an
action of the form (6). At the first Post-Minkowskian order it is known that Fij = 2ξ
2
ij − ζ2ij
[50] - [53].
A possible expression for Fij
Let us assume that the functions Fij can be expressed as follows:
Fij = α (ǫij , ǫji) ξ
2
ij + β (ǫij , ǫji) ζ
2
ij, (37)
where,
ǫij =
Gmi
2c2|ηij| , (38)
and[49]:
ζij =
√
ζiζj, (39)
ηij =
γij√
ζi
. (40)
We assume that the functions α and β are symmetric:
α (ǫij , ǫji) = α (ǫji, ǫij) , (41)
β (ǫij , ǫji) = β (ǫji, ǫij) . (42)
The one-body problem
Let us consider the case of a test particle interacting with a particle of mass M . This
is the case N = 1 (the one-body problem). The motion of the mass M is not affected by
the presence of the test particle. The mass M moves with constant velocity in any inertial
reference frame.
Let us, for simplicity, consider the inertial frame in which the mass M is at rest and
positioned at the origin of the coordinate system. In this frame of reference the world line
of the test particle is described by the four-vector zµ = (ct, ~r). From (28) and (37) we find
the components of the metric tensor gµν in this reference frame to be as follows:
g00 = 1− 2GM (α(0, ǫ) + β(0, ǫ))
c2r
, (43)
g0i = 0, (44)
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gij = −δij
(
1− 2GMβ(0, ǫ)
c2r
)
. (45)
In (43 - 45):
ǫ =
GM
2c2r
. (46)
If we choose the functions α and β as follows:
α(0, ǫ) =
(1 + ǫ)4 − (1−ǫ)2
(1+ǫ)2
4ǫ
, (47)
β(0, ǫ) =
1− (1 + ǫ)4
4ǫ
, (48)
one can easily check that the metric (43 - 45), with α and β given by (47,48), coincides with
the well known Schwarzschild metric of GR in isotropic form[55].
Since α, β and ǫji are Poincare´ invariants, we can write the functional relations:
α(0, ǫji) =
(1 + ǫji)
4 − (1−ǫji)2
(1+ǫji)2
4ǫji
, (49)
β(0, ǫji) =
1− (1 + ǫji)4
4ǫji
. (50)
At the second Post-Minkowskian order (up to terms proportional to G2 in the metric),
we can write:
α(0, ǫji) ≈ α0 + α1ǫji, (51)
β(0, ǫji) ≈ β0 + β1ǫji, (52)
where α0, β0, α1 and β1 are constants.
The values of these constants can easily be determined by expanding (49) and (50). We
find:
α0 = 2, (53)
β0 = −1, (54)
α1 = −1
2
, (55)
β1 = −3
2
. (56)
The second Post-Minkowskian approximation
Let us now consider the gravitational N -body problem described by the action (6). As-
sume that Fij are given by (37, 41,42). At the second Post-Minkowskian (2PM) order the
functions α and β will be given by the expressions:
α(ǫij, ǫji) ≈ α0 + α1 (ǫij + ǫji) , (57)
β(ǫij , ǫji) ≈ β0 + β1 (ǫij + ǫji) . (58)
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Let us consider the case where the functions Fijk can be written as:
Fijk = a(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj)ξijξjkξki
+b(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj)ζiζjζk
+c(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj)ξ
2
kiζj . (59)
We assume that the functions a, b and c are symmetric in the indexes (ik):
a(ǫkj , ǫjk, ǫik, ǫki, ǫji, ǫij) = a(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj), (60)
b(ǫkj , ǫjk, ǫik, ǫki, ǫji, ǫij) = b(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj), (61)
c(ǫkj, ǫjk, ǫik, ǫki, ǫji, ǫij) = c(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj). (62)
At 2PM we have:
a(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj) ≈ a0, (63)
b(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj) ≈ b0, (64)
c(ǫij , ǫji, ǫki, ǫik, ǫjk, ǫkj) ≈ c0, (65)
where a0, b0 and c0 are constants.
Therefore, at the second Post-Minkowskian order we can write the action, for a system
of N particles interacting gravitationally, as follows:
S = −∑
i
mic
∫
dλiζi +
∑
i
∑
j 6=i
Gmimj
c
∫ ∫
dλidλjδ (ρij)Fij
+
∑
i
∑
j 6=i
∑
k 6=i,j
G2mimjmk
c3
∫ ∫ ∫
dλidλjdλkδ (ρij) δ (ρjk)Fijk, (66)
where,
Fij = (α0 + α1 (ǫij + ǫji)) ξ
2
ij + (β0 + β1 (ǫij + ǫji)) ζ
2
ij (67)
Fijk = a0ξijξjkξki + b0ζiζjζk + c0ξ
2
kiζj (68)
At the second Post-Minkowskian approximation there is no need to consider the functions
Fi1...ik for k > 3 since the terms associated with these functions in the action (6) give
contributions only at the (k − 1)-Post-Minkowskian order.
At the second Post-Minkowskian order (2PM) the equations of motion are:
z¨
µ
i +
G
c2
∑
j 6=i
mj
∫
dλjδ (ρij)
(
A
(0)µ
ij + A
(1)µ
ij +B
(0)µν
ij z¨iν + C
(0)µν
ij z¨jν
)
+
G2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλkδ(ρij)δ(ρjk)A
(0)µ
ijk
+
G2
2c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλkδ(ρji)δ(ρik)A˜
(0)µ
jik
= 0. (69)
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Substituting (67, 68) into (11 - 13) and (14, 18) we find (in this approximation):
A
(0)µ
ij =
(
z
µ
i − zµj
)
η2ji
(
α0ξ
2
ij + β0ζ
2
ij
)
+
2z˙µi
ζ
1
2
i ηji
ζ2ij
(
ξij
ζij
+
ηij
ηji
)
β0
+
z˙
µ
j
ζ
1
2
j ηji
[
α0
(
ξ2ij + 2ξijζij
ηij
ηji
)
− β0ζ2ij
]
, (70)
A
(1)µ
ij =
2
(
z
µ
i − zµj
)
η2ji
(
ǫji − ǫij
(
1 +
ξijηij
ζijηji
− η
2
ij
η2ji
)) (
α1ξ
2
ij + β1ζ
2
ij
)
+
z˙
µ
i
ζ
1
2
i ηji
[
4ǫjiζ
2
ij
(
ξij
ζij
+
ηij
ηji
)
β1 − ǫij
(
1− η
2
ij
η2ji
) (
α1ξ
2
ij + 3β1ζ
2
ij
)]
+
2z˙µj
ζ
1
2
j ηji
[
ǫji
(
α1
(
2ξijζij
ηij
ηji
+ ξ2ij
)
− β1ζ2ij
)
−ǫij
(
α1
(
ξ2ij + ξijζij
(
ηji
ηij
− ηij
ηji
))
+ β1ζ
2
ij
)]
, (71)
B
(0)µν
ij = −2α0z˙µj z˙νj − 2β0ζjηµν , (72)
C
(0)µν
ij = −
(
z
µ
i − zµj
) (
zνi − zνj
)
ζjη
2
ji
(
α0ξ
2
ij + β0ζ
2
ij
)
+
2
(
z
µ
i − zµj
)
ζ
1
2
j ηji
(
α0ξij z˙
ν
i + β0ζiz˙
ν
j
)
−
2
(
zνi − zνj
)
ζ
1
2
i ηij
ζjη
2
ji
(
α0ξij z˙
µ
j + β0ζj z˙
µ
i
)
+2
ηijζ
1
2
i
ηjiζ
1
2
j
(
α0
(
ηµνξij + z˙
µ
j z˙
ν
i
)
+ 2β0z˙
µ
i z˙
ν
j
)
, (73)
A
(0)µ
ijk =
(
z
µ
i − zµj
)
γji
(
ζj
γji
− 1
γkj
(
ξjk +
γjk
γkj
ζk
))(
a0ξijξjkξki + b0ζiζjζk + c0ξ
2
kiζj
)
+
2z˙µi
γji
(
ζj
γij
γji
+ ξij − γij
γkj
(
ξjk +
γjk
γkj
ζk
))
ζjζkb0
+
z˙
µ
j
γji
((
ζj
γij
γji
− γij
γkj
(
ξjk +
γjk
γkj
ζk
))
ξjkξkia0 − ζiζjζkb0 − ξ2kiζjc0
)
+
z˙
µ
k
γji
(
ζj
γij
γji
+ ξij − γij
γkj
(
ξjk +
γjk
γkj
ζk
))
(a0ξjkξij + 2c0ξkiζj) , (74)
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A˜
(0)µ
jik =
(
z
µ
i − zµj
)
ζj
γ2ji
(
a0ξjiξikξkj + b0ζjζiζk + c0ξ
2
kjζi
)
+
(zµi − zµk ) ζk
γ2ki
(
a0ξjiξikξkj + b0ζjζiζk + c0ξ
2
kjζi
)
+2z˙µi
(
ζj
γij
γ2ji
+ ζk
γik
γ2ki
+
ξij
γji
+
ξik
γki
) (
ζjζkb0 + ξ
2
kjc0
)
+z˙µj
((
ζj
γij
γ2ji
+ ζk
γik
γ2ki
+
ξik
γki
)
ξkjξika0 − 1
γji
(
b0ζjζiζk + c0ξ
2
kjζi
))
+z˙µk
((
ζj
γij
γ2ji
+ ζk
γik
γ2ki
+
ξij
γji
)
ξkjξjia0 − 1
γki
(
b0ζjζiζk + c0ξ
2
kjζi
))
(75)
From (67, 68) and (28) it follows that, at the second Post-Minkowskian approximation,
the metric tensor associated to the particle i (with non-negligible mass mi) is given by the
formula:
g(i)µν = ηµν −
2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij) [α0z˙jµz˙jν + β0ζjηµν ]
−G
2
c4
∑
j 6=i
m2j
∫
dλj
δ(ρij)
|ηji| [α1z˙jµz˙jν + β1ζjηµν ]
−G
2mi
c4
∑
j 6=i
mj
∫
dλj
δ(ρij)
|ηij |
[
α1z˙jµz˙jν + β1ζjηµν +
(
z˙iµ
ζi
+
(ziµ − zjµ)
γij
)
(α1ξij z˙jν + β1ζj z˙iν)
+
(
z˙iν
ζi
+
(ziν − zjν)
γij
)
(α1ξij z˙jµ + β1ζj z˙iµ) +
1
2
[(
z˙iµ
ζi
+
(ziµ − zjµ)
γij
)(
z˙iν
ζi
+
(ziν − zjν)
γij
)
+
1
ζi
(
ηµν − 2z˙iµz˙iν
ζi
+
(ziµ − zjµ)(ziν − zjν)
η2ij
)] (
α1ξ
2
ij + β1ζ
2
ij
)]
−G
2
c4
∑
j 6=i
∑
k 6=i,j
mjmk
∫ ∫
dλjdλk
[
δ(ρij)δ(ρjk)
(
1
2
a0ξjk (z˙jµz˙kν + z˙kµz˙jν) + b0ζjζkηµν + c0ζj z˙kµz˙kν
)
+δ(ρjk)δ(ρki)
(
1
2
a0ξjk (z˙kµz˙jν + z˙jµz˙kν) + b0ζjζkηµν + c0ζkz˙jµz˙jν
)
+δ(ρki)δ(ρij)
(
1
2
a0ξjk (z˙kµz˙jν + z˙jµz˙kν) +
(
b0ζkζj + c0ξ
2
jk
)
ηµν
)]
(76)
For the case of a test particle (the mass of which can be neglected) in the presence of N
particles with non-negligible masses mi (i = 1, ..., N) the above expression simplifies to the
following:
gµν = ηµν − 2G
c2
∑
i
mi
∫
dλiδ((z − zi)2)
[
α0z˙iµz˙iν + β0z˙
2
i ηµν
]
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−G
2
c4
∑
i
m2i
∫
dλi
δ((z − zi)2)(z˙2i )
1
2
| (z˙i(z − zi)) |
[
α1z˙iµz˙iν + β1z˙
2
i ηµν
]
−G
2
c4
∑
i
∑
j 6=i
mimj
∫ ∫
dλidλj
[
δ((z − zi)2)δ((zi − zj)2)
(
1
2
a0 (z˙iz˙j) (z˙iµz˙jν + z˙jµz˙iν) + b0z˙
2
i z˙
2
j ηµν + c0z˙
2
i z˙jµz˙jν
)
+δ((zi − zj)2)δ((z − zj)2)
(
1
2
a0 (z˙iz˙j) (z˙iµz˙jν + z˙jµz˙iν) + b0z˙
2
i z˙
2
j ηµν + c0z˙
2
j z˙iµz˙iν
)
+δ((z − zj)2)δ((z − zi)2)
(
1
2
a0 (z˙iz˙j) (z˙iµz˙jν + z˙jµz˙iν) +
(
b0z˙
2
i z˙
2
j + c0 (z˙iz˙j)
2
)
ηµν
)]
(77)
The first Post-Newtonian approximation
The equations of motion (69) involve multiple times. The force acting on mass i depends
on the state of motion of particle i at time t and, to account for the time needed for the
transmission of the interactions, on the states of motion of the remaining N − 1 particles at
the past and future times t
(i,s)
j (j 6= i, s = −,+) and also on t(j,s)k (k 6= i, j, s = −,+).
Using Taylor series expansions involving the particles’ present motions at time t, one can
rewrite the equations (69) using just the one time variable t[56]. We use series expansions
up to terms of second order (v
2
c2
) (first Post-Newtonian approximation (1PN)).
From the definition (5) it follows that:
dλi =
cdt
(
1− v2i
c2
) 1
2
ζ
1
2
i
(78)
dλj =
cdtj
(
1− v
2
j
(tj)
c2
) 1
2
ζ
1
2
j
(79)
The Dirac delta function can be expressed as follows [10]:
δ
(
c2(t− tj)2 − (~ri − ~rj)2
)
=
1
2c


δ(tj − t(i,−)j )
Rretij −
(
~Rret
ij
~v
(i,−)
j
)
c


+
δ(tj − t(i,+)j )
Radvij +
(
~Radv
ij
~v
(i,+)
j
)
c




(80)
In (80), t
(i,s)
j (s = −,+) are the two roots of the equation:
c2(t− tj)2 − (~ri(t)− ~rj(tj))2 = 0 (81)
and,
Rretij = c
(
t− t(i,−)j
)
(82)
Radvij = c
(
t
(i,+)
j − t
)
(83)
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~Rretij = ~ri − ~r(i,−)j (84)
~Radvij = ~ri − ~r(i,+)j (85)
t − t(i,−)j is the time it takes for a signal to travel forward in time at the speed of light
from particle j to particle i.
t
(i,+)
j − t is the time it takes for a signal to travel backward in time at the speed of light
from particle j to particle i.
To terms of second order we can write:
~ri − ~r(i,−)j ≈ ~rij + ~vj
rij
c
+ ~vj
(~rij~vj)
c2
− ~aj
r2ij
2c2
, (86)
~ri − ~r(i,+)j ≈ ~rij − ~vj
rij
c
+ ~vj
(~rij~vj)
c2
− ~aj
r2ij
2c2
, (87)
~v
(i,−)
j ≈ ~vj − ~aj
rij
c
, (88)
~v
(i,+)
j ≈ ~vj + ~aj
rij
c
. (89)
From (81-89), we find (to terms of second order):(
1− v
(i,−)2
j
c2
) 1
2

Rretij −
(
~Rret
ij
~v
(i,−)
j
)
c


≈ 1
rij
(
1− (~nij~vj)
2
2c2
− (~rij~aj)
2c2
)
(90)
(
1− v
(i,+)2
j
c2
) 1
2

Radvij +
(
~Radv
ij
~v
(i,+)
j
)
c


≈ 1
rij
(
1− (~nij~vj)
2
2c2
− (~rij~aj)
2c2
)
(91)
From the definitions (3, 4, 5) and (39, 40), it is not difficult to see that, to terms of
second order, we can write:
ξij
ζij
≈ 1 + v
2
i
2c2
+
v2j
2c2
− (~vi~vj)
c2
, (92)
η
(i,−)
ji ≈ rij
(
1 +
(~nij~vj)
2
2c2
+
(~rij~aj)
2c2
)
, (93)
η
(i,+)
ji ≈ −rij
(
1 +
(~nij~vj)
2
2c2
+
(~rij~aj)
2c2
)
, (94)
η
(i,−)
ij ≈ −rij
(
1− (~nij~vi)
c
+
(~nij~vj)
c
+
(~vi − ~vj)2
2c2
+
(~nij~vj)
2
2c2
− (~rij~aj)
2c2
)
, (95)
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η
(i,+)
ij ≈ rij
(
1 +
(~nij~vi)
c
− (~nij~vj)
c
+
(~vi − ~vj)2
2c2
+
(~nij~vj)
2
2c2
− (~rij~aj)
2c2
)
. (96)
In (86 - 96), ~rij = ~ri − ~rj is the relative position of particle i with respect to particle
j, ~nij ≡ ~rijrij , ~vi is the velocity of particle i, and ~vj, ~aj the velocity and the acceleration of
particle j. All these quantities are given at time t.
From (25) and (67), at the first Post-Minkowskian order , for the solutions of the equations
of motion we obtain:
ζi = 1 +
2G
c2
∑
j 6=i
mj
∫
dλjδ(ρij)ζj
(
α0
ξ2ij
ζ2ij
+ β0
)
(97)
Now, substituting (79,80) and (90,91,92) into (97), to terms of second order, for the
solutions of the equations of motion we can write:
ζi ≈ 1 + 2G
c2
(α0 + β0)
∑
j 6=i
mj
rij
. (98)
Substituting (78 - 96) and (98) into (69 - 75), we find the equations of motion to terms
of second order (in v
2
c2
) (first Post-Newtonian approximation):
~ai +G (α0 + β0)
∑
j 6=i
mj
r2ij
~nij +
v2i
c2
~ai +
(~vi~ai)
c2
~vi +
2Gα0
c2
~ai
∑
j 6=i
mj
rij
− G
2c2
(3α0 − β0)
∑
j 6=i
mj
rij
~aj
− G
2c2
(α0 + β0)
∑
j 6=i
mj
rij
~nij(~nij~aj) +
G
c2
∑
j 6=i
mj
r2ij
~nij
(
α0
(
v2i + v
2
j − 2(~vi~vj)
)
− 3
2
(α0 + β0) (~nij~vj)
2
)
+
G
c2
(β0 − α0)~vi
∑
j 6=i
mj
r2ij
((~nij~vi)− (~nij~vj)) + G
c2
∑
j 6=i
mj
r2ij
~vj (2α0(~nij~vi)− (α0 − β0) (~nij~vj))
+
G2mi
c2
(
(α0 + β0)
2 + α1 + β1
)∑
j 6=i
mj
r3ij
~nij +
G2
c2
(
2 (α0 + β0)
2 + α1 + β1
)∑
j 6=i
m2j
r3ij
~nij
+
G2
c2
∑
j 6=i
∑
k 6=i,j
mjmk
r2ij
~nij
(
1
rik
(
2 (α0 + β0)
2 + a0 + b0 + c0
)
+
1
rjk
(
(α0 + β0)
2 + a0 + b0 + c0
))
= 0. (99)
Complete agreement with the equations of motion of General Relativity [57, 58], at the
first Post-Newtonian order, is achieved if:
α0 = 2, (100)
β0 = −1, (101)
α1 + β1 = −2, (102)
a0 + b0 + c0 = −2. (103)
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Conclusions
We have obtained Lorentz invariant equations of motion describing the gravitational
interactions of a system consisting of N point masses. The equations are derived explicitly
from a Lorentz invariant action. Contrary to General Relativity, which is a field theory, the
model presented here is a relativistic action-at-a-distance description (the interactions are
not mediated by a field). We have shown that the equations of motion for N point masses
agree with those of General Relativity at the first Post-Newtonian approximation (1PN).
Agreement with General Relativity for the N body problem at orders beyond 1.5PN has not
been established. The model presented is in agreement with General Relativity for the one-
body case, at all orders. At the first Post-Minkowskian approximation our model reduces to
the model of Havas and Golberg [50, 51], which is known to be in agreement with General
Relativity in this approximation. Due to this agreement, gravitational radiation effects in
our model begin to appear at the 2.5PN order (v
5
c5
) [59, 60].
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